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Abstract 

In this paper, we found the Darboux vector of the spatial quaternionic 
curve according to the Frenet frame. Then, the curvature and torsion of 
the spatial quaternionic smarandache curve formed by the unit Darboux 
vector with the normal vector was calculated. Finally; these values are 
expressed depending upon the spatial quaternionic curve. 
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1 Introduction 

The quaternion was introduced by Hamilton. His initial attempt to generalis 
the complex numbers by introducing a 3-dimensional object failed in the sense 
that the algebra he constructed for these 3-dimensional objects did not have 
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the desired properties. In 1987, Bharathi and Nagaraj defined the quater- 
nionic curves in E 3 , E 4 and studied the differential geometry of space curves 
and introduced Frenet frames and formulae by using quaternions, [2], Follow- 
ing, quaternionic inclined curves have been defined and harmonic curvatures 
studied by Karadag and Sivridag, [7]. In, Tuna and Qoken have studied quater- 
nion valued functions and quaternionic inclined curves in the semi-Euclidean 
space E 4 , [9]. They have given the Serret- Frenet formulae for the quater- 
nionic curve in the semi-Euclidean space. Then they have defined quaternionic 
inclined curves and harmonic curvatures for the quaternionic curves in the 
semi-Euclidean space. Quaternionic rectifying curves have been studied by 
Giingdr and Tosun, [5]. In [1], Ali has introduced some special Smarandache 
curves in the Euclidean space. He has studied Frenet-Serret invariants of a 
special case. In [4], Erisir and Giingor have obtained some characterizations 
of semi-real spatial quaternionic rectifying curves in HR 3 . Moreover, by the 
aid of these characterizations, they have investigated semi real quaternionic 
rectifying curves in semi quaternionic space. 



2 Preliminary Notes 

In this section, we give the basic elements of the theory of quaternions and 
quaternionic curves. A more complete elementary treatment of quaternions 
and quaternionic curves can be found in [2] and [6], respectively. A real quater- 
nion q is an expression of the form 

q — d T (ie\ T be 2 T ce 3 (2.1) 

where a,b,c G HR. and e,, 1 < i < 3 are quaternionic units which satisfy the 
non-commutative multiplication rules 

f ei 2 = e 2 2 = e 3 2 = ei x e 2 x e 3 = -1, ei, e 2 , e 3 G HR 3 ^ 

|ei x e 2 = e 3 , e 2 x e 3 = ei, e 2 x e 3 = ei. 

The algebra of the quaternions is denoted Q by and its natural basis is given 
by {ei,e 2 ,e 3 }. A real quaternion can be given by the form 

q = S q + V q (2.3) 

where S q — d is scalar part and V q = ae 1 + be 2 + ce 3 is vector part of q. The 
Hamilton conjugate of q = S q + V q is defined by q = S q — V q . Summation 
of two quaternions q\ = S qi + V qi and q 2 = S q2 + V q2 is defined as q\ © q 2 = 
(S qi + S q , 2 ) + (V qi + V q2 ). Multiplication of a quaternion q = S q + V q with a 
scalar A G M is identified as A Qq = XS q + \V q . These expression the symmetric 
real-valued, non-degenerate, bilinear form as follows: 
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(> )|q : Q x Q y ) (?i) 0.2) \q — x O2 + O2 x < 7 i) ( 2 . 4 ) 

which is called the quaternion inner product. Then the norm of q is 

N(q) = y/q x. q = V a 2 + b 2 + c 2 + d 2 . ( 2 . 5 ) 

If q = 1 , then g is called unit quaternion. Let g 3 = S' gi + V^ 1 = di + eqei + 
&ie 2 + Cie 3 and g 2 = + V q2 = d 2 + a 2 e 1 + 62^2 + c 2 e 3 be two quaternions in, 

Q, then the quaternion product of q\ and q 2 is given by 



qi X q 2 — d\d 2 — (Gqa 2 + b\b 2 + CiC 2 ) + (d\a 2 + a\d 2 + b±c 2 — 0162)61 

+ {d\b 2 + b\d 2 + b\a 2 — a\b 2 )e 2 H — h(dic 2 + cid 2 + <x\b 2 — 6iu 2 )e 3 



or 



?iX?2 = S qi s q2 - (V qi ,V q2 ) + S qi V q2 + S q 2 V qi + F 91 A y 9l (2.6) 

where (, ) and A denote the inner product and vector product in Euclidean 
3 -space, q is called a spatial quaternion whenever q + q = 0 and called a 
temporal quaternion whenever q — q = 0 . A general quaternion q can be given 
as q — \{q + q) + |(g — q) . The three-dimensional Euclidean space is identified 
with the space of spatial quaternions, [2], 

Qh — {0 G Q | q + q — 0} in an obvious manner. Let / = [0, 1] be an interval 
in the real line IM and s G / be the arc-length parameter along the smooth 
curve 



3 

7 : [0,1] 7(s) = J^7i(s)ei. (2.7) 

i= 1 

The tangent vector 7 '(s) = t(s) has unit length ||t(s)|| = 1 for all s. It follows 

t' x t + t + (t)' = 0 

which implies t' is orthogonal to t and t' x t is a spatial quaternion. Let 
7 : [0, 1] — > Qh be a differentiable spatial quaternions curve with arc-length 
parameter s and (f(s), ni(s), n 2 (s)} be the Frenet frame of 7 at the point 7 (s), 
where 



t(s) = 7 J (s) 

( , T"(s) 

n,(s) n( 7 »M) 

n 2 (s) = t(s) x ni(s), 



< 



( 2 . 8 ) 
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and the curve 7(5) is non unit speed curve then we say that 



*00 = u ( s ) = N ('y\ s )) 

u(s) 

< ni(s) = n 2 (s) x t(s) ( 2 . 9 ) 

. . 7 '(s) x 7 "(s) + v(s)v'(s) 

n,o(s) = — 7 -• 

, N^y'(s) x 7 "(s) + z/(s)z/'(s)) 

Let {t(s), ni(s), n 2 (s)} be the Frenet frame of 7(5). Then Frenet formula, 
curvature and the torsion are given by 

f t'(s) = k(s)ni(s) 

< ni'(s) = —k(s)t(s) +r(s)n 2 (s ) (2-10) 

[n 2 \s) = -r(s)ni(s), 

and 



IV (7' (s) x 7 "(s) + z/(s)z/(s)) 

( 2 . 11 ) 

I IV (7' (s) x 7"(s) + i/(s)i/(s)) 

where £(s), 7 ii(s), 712(5) are the unit tangent, the unit principal normal andthe 
unit binormal vector of a quaternionic curve, respectively ([ 2 ], [8]). The func- 
tions k, r are called the principal curvature and the torsion, respectively. These 
are 



rvyoj — 



w(s)xY( S ),r(s))\ 



Q 



t(s) X t(s) 
t(s) X 7li(s) 
ni(s) x n 2 (s) 
n 2 (s) x t(s) 



ni (s) x n 1 (s) = n 2 (s ) x n 2 (s) = -1 
— ni(s) x t(s) = n 2 (s ) 

—n 2 (s) x ni(s) = t(s) 

- t(s ) x n 2 (s ) = rii(s). 



Let 7 : [ 0 , 1 ] — * Qh be a unit speed regular curve and (t(s), ni(s), n 2 (s)} be 
its moving Serret-Frenet frame. In this case tni,riin 2 ,tnin 2 — Quaternionic 
Smarandache curves can be defined by 
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fttny = 


1 

71 


Pnin2 


1 


72 


Ptnin2 


1 

7! 



(t(s) +ni(s)) 

(ni(s) + n 2 (s)) 

(t(s) + ni(s) + n 2 (s)), (see[ 1], [3], [8]). 



3 An Application According to Spatial Quater- 
nionic Smarandache Curve 

7 : [0,1] — » Qh spatial quaternions curve, (t(s), ni(s), n 2 (s)} moving frame 
moves with a certain angular velocity around each axis s instantly. This axis is 
called instantaneous rotation axis of the spatial quaternionic curve. If Darboux 
axis vector in the direction indicated by D 

D = xt + yri\ + zn 2 . 

From Darboux equations, t',ni,n 2 G Qh derivative vectors 



t' = D x t = zn i — yn -2 
rii = D x ni — —zt + xn 2 
n 2 = D x n 2 = yt — xn i 

and from (2.10) z — k, y — 0, x — r. If we write these values 

D — rt + kn 2 . (3.1) 

The norm is 

N(D) = VDxD = Qk 2 + r 2 . (3.2) 

Let D is instantaneos pfaff vector of 7 curve. If the angle between D and n 2 
is (p, from Fig.l, it is obtained that 

(■ D , kn 2 ) | q ]j x kn 2 + kn 2 x D 

COS 09 — — — = 

N{D)N{kn 2 ) 2 Wk 2 + r 2 

(D, r t)\ 0 D x rt + rt x D 

sin p = — — = — 

N(D)N(rt) 2 rQk 2 + r 2 



and 
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Figure 1: Quaternionic Darboux Vector 



cos <p = 



k 



\Jk 2 + r 



2 ’ 



Sill <p = 



✓FT 



(3,3) 



If the unit vector of quaternionic darboux vector indicated by w 

D 



w = 



N(D) 



= sine pt + cos <pn 2 . 



Conclusion 3.1 Lety : [0,1] — > Qh be a unit speed regular curve and {t(s),7ii(s),ri2(s)} 
be its moving Serret-Frenet frame. For an arbitrary curve y, with curvature 
and torsion, k(s ) and r(s) respectively. Darboux vector in the direction of the 
axis of the quaternionic curve D 



D = rt + kn 2 

and cos p = yyyyy siiKp = -yypy including, unit Darboux vector is 

w = sin ipt + cos ipri 2 • 



Let 7 : [0,1] — >■ Qh be a unit speed regular curve and {t(s), n\(s), n 2 (s)} 
be its moving Serret-Frenet frame. Quaternionic n\w— Smarandache curves 
can be defined by 



P{s) = 4|(‘ ni (s) + w(s)). (3.4) 

Now, we can investigate Serret-Frenet invariants of quaternionic n\W— Smaran- 
dache curves according to 7 = 7 (s). Differentiating (3.4) with respect to sp, 
we get 



P' = = -w= [(v^ cos </? ~ k)t + (r - ip' smip)7i 2 ] (3.5) 



dsp _ yV) 2 + N(D) 2 - 2ip'N(D) 
ds y/2 



where 
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The tangent vector of curve /3 can be written as follow 

(p' cos p — k)t + (r — ip' sin (p)ri 2 

^ S ~~ vV) 2 + N(D ) 2 - 

differentiating (3.6) with respect to s, we obtain 



tp\s) = 



\/2(Ai t + A 2 ni + \3Ti2) 

{{p') 2 + N(D) 2 - 2<p'N(D)) 



2 > 



(3.6) 



(3.7) 



where 



fAi = r 2 p" cos ip — kp'p" cos 2 p — rp'p" sin p cos p — ( p') A sin p — k 2 {p') 2 sin p 



— r 2 (p') 2 smp + 2 k(p') 3 sin p cos p + 2r{p') i sin 2 p — k\p') 2 — r 2 k 



/\3 • 2 ,„ 2 Jl U 



-2k' kp' cos p — 2 k'rp' sin p — rr'p cos p + k 2 (p') 2 cos 2 p + r(p') 2 sin p cos p 



-\-kp'p" + krr' — krp" sin p — p'r'k sin p 



A 2 = k(p y cos p + 3k 6 p cos p + 3r 2 kp cos p — 2k z (p ) 2 cos 2 p — Akr{p ) 2 sin p cos p 



—k 2 (p') 2 — k A — 2 k 2 r 2 + 3 k 2 rp' sin p — r 2 (p') 2 + 3 r 3 p' sin(/? + r (p ') 3 sin p 






o 2 /2 . 2 

-2r p sin p 



A 3 = r'(p') 2 + k 2 r' — 2kr'p' cos p — k 2 p" sin p + kp'p" sin p cos p + rp'p" sin 2 p 



— ( p ) cos p — k (p ) cos p — k (p ) cos p + 2 k(p ) 6 cos p + 2 r(p )‘ i sin( y 5 cos<^ 



— rp'p " — rkk ' + rkp" cos p + rk'p' cos p + kk'p' sin p — k\p') 2 sin p cos p 



// /\ 2 • 2 
r (p ) sin p 



The principal curvature and principal normal vector field of curve /3 are re- 
spectively, 



Kp 



a/2(A 2 + A 2 + A 2 ) 



{(p') 2 + N(D) 2 — 2p > N(D)Y 



(3.8) 
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and 



Ait + A 2 rii + A 3 n 2 , , 

= /x2 ,o . 9 ~' (3-9) 

\/Ai + A 2 + A§ 

On the other hand, we express 6/3 = t /3 x np. So, the binormal vector of curve 



b B = 



A 2 {p' sin p — r)t + (Ai(r — p' sin p) — A 3 {p' cos p — k))ni 



+ N{D) 2 - 2p’N{D)){\ 2 + A| + A 
A 2 (^' cos p — k)n 2 



l/(M 2 + iV(D ) 2 - VJV(B)) (A? + AI + Al) 

We differentiate (3.5) with respect to s in order to calculate the torsion 



(3.10) 



/3" = 



{p" cos 93 — (y /) 2 sin p — k')t + {kip' cos p + r<p' sin p — kr — r 2 )n\ 



V2 



{r' — p" sin p — {p'p cos p)n 2 



V 2 



(3.11) 



and similarly 



where 



,/// wyt + u 2 rii + wyn 2 



r = 



V2 



( uji — p'" cos p — 3 p'p" sin p — {p') z cos p — k" — k 2 p' cos p — krp' sin p + k 3 + kr 2 
u> 2 = 2 kp" cos p — 2 k{p) 2 sin p — 3 kk! + kp" cos p + r'p' sin p + 2 rp" sin p 
+2 {p') 2 cos p — 3 rr' 

u >3 = {krp' — 3 p'p") cos p + ( r 2 p ' — p'" + (y/) 3 ) sin</? — k 2 r — r 3 + r" 

The torsion of curve f3 is 



_ y/ 2 {wiUi + w 2 uj 2 + ^ 3033 ) 
T/? w\ + w\ + w\ 



(3.12) 
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where 



' W\ = ( k(ip ') 2 sin(y9) cos ip + {r{ip') 2 siny? — k 2 ip ' — 2 r 2 ip') sin ip + k 2 r + r 3 

072 = {Tip" — t' ip' — k{ip') 2 ) cos ip + {k'lp 1 — r(ip') 2 — kip") sinyj — rk' + {ip') 3 + kr' 

07 3 = ( k{ip ') 2 cos ip + r{ip ') 2 sin ip — 2k 2 ip' — r 2 ip') cos ip — knp' sin ip + k 3 + kr 2 . 



Example: Let be spatial quaternionic curve 

7(s) = { W cos W + 71 1 31,1 7! )ei " CC + ( ~ 7T cos + A 8,n 

In terms of definition, we obtain special ri\W— smarandache curve according 
to Frenet frame of spatial quaternionic curve, (see Figure 3). 



m = ( ~\ cos 7 l -\ sil1 ^ ^ + (5 ^ - 5 “ 




Figure 2: 7 Spatial Quaternionic Curve Figure 3: (5— Smarandache Curve 



References 

[1] A.T. Ali, Special Smarandache Curves in the Euclidean Space, Interna- 
tional Journal of Mathematical Combinatorics , Vol.2, (2010), 30-36. 

[2] K. Bharath and M. Nagaraj, Quaternion Valued Function of a Real Vari- 

able Serret-Frenet Formulae, Indian J. Pure Appl. Math., 18 ( 6 ), (1987), 
507-511. 



228 



Suleyman §enyurt and Abdussamet Cfah^kan 



[3] M. Qetin and H. Kocayigit, On the Quaternionic Smarandache Curves 
in the Euclidean 3-Space, Int. J. Contemp. Math. Sciences , 8, (2013), 
139-150. 

[4] T. Eri§ir and M.A. Giingor, Some Characterizations of Quaternionic Rec- 
tifying Curves in the Semi-Euclidean Space, Honam Mathematical J., 
Vol.36, 1, (2014), 67-83. http://dx.doi.Org/10.5831/hmj.2014.36.l.67 

[5] M.A. Giingor and M. Tosun, Some characterizations of quaternionic recti- 
fying curves, Differential Geometry - Dynamical Systems , Vol.13, Balkan 
Society of Geometers, Geometry Balkan Press, (2011), 89-100. 

[6] H.H. Hacisalioglu, Hareket Geometrisi ve Kuaterniyonlar Teorisi, Univer- 
sity of Gazi Press, 1983. 

[7] M. Karadag, A. I. Sivridag, Tek Degi§kenli Kuaterniyon Degerli Fonksiy- 
onlar ve Egilim Qizgileri, Ere. Univ. Fen Bil. Derg., 13, (1997), 23-36. 

[8] H. Parlatici, Kuaterniyonik Smarandache Egrileri, Master thesis, Univer- 
sity of Sakarya, 2013. 

[9] A. Tuna , A.C. Qoken, On the quaternionic inclined curves in the semi- 
Euclidean space, Applied Mathematics and Computation, Vol.155, 2, 2014, 
373-389. http://dx.doi.org/10. 1016/s0096-3003(03)00783-5 

Received: December 1, 2014; Published: January 1, 2015 




